LOCALIZABLE INVARIANTS OF CLOSED 
COMBINATORIAL MANIFOLDS AND EULER 
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Abstract. If a real value invariant of closed combinatorial man- 
ifolds admits a local formula that depends only on the f-vector of 
the link of each vertex, then the invariant must be proportional to 
the Euler characteristic. 



1. Introduction 

Theorem 1.1 (Pachner 1986, [1]). Two closed combinatorial n-manif olds 
are PL-homeomorphic if and only if it is possible to move between their 
triangulations using a sequence of bistellar moves (Pachner moves) and 
simplicial isomorphisms. 

This theorem suggests that we can look for quantities invariant under 
the bistellar moves so as to obtain invariants of closed combinatorial 
manifolds. The most famous one is the Euler characteristic defined as 
the alternating sum of numbers of simplices in a combinatorial mani- 
fold. 

Theorem 1.2 (Roberts 2002, ^). Any linear combination of the num- 
bers of simplices which is an invariant of closed combinatorial manifolds 
must be proportional to the Euler characteristic. 

A real value invariant \E' of a closed combinatorial manifold M" is 
called localizable if there exists a real value function tp on the set of 
isomorphism classes of PL {n — l)-spheres such that 

vertex tiSM" 

where lk{y) is the link of a vertex v in M^. We call if) a local formula 
for 
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Example 1.3. Euler characteristic is localizable. A local for- 

mula for X is: 



where fk{^k{v)) is the number of A;-simplices in lk{v). 

Example 1.4. Rational Pontryagin numbers of closed combinatorial 
manifolds are localizable (see [3] and [1]). All known local formulae for 
rational Pontryagin numbers depend on the geometric patterns of the 
link of each vertex. 

But could there exist any local formulae for rational Pontryagin num- 
bers that only depend on the quantity of simplices in each link? More 
generally, we may ask the following. 

Question 1: Can we find new localizable invariants of combinatorial 
manifolds other than Euler characteristic whose local formulae only 
depend on the quantity of simplices in the link of each vertex? 

In this paper, we will give negative answer to the Question 1. Indeed, 
we will show the following. 

Theorem 1.5. Suppose is a localizable invariant of closed combina- 
torial manifolds M" that can be written as 



where fi{lk{v)) is the number of i-simplices in the link lk{v) ofv in M"', 
and ip is an n-variable function on fo{lk{v)), ■■ ■ , fn-i{lk{v)) . Then up 
to a constant, is proportional to the Euler characteristic. 

Corollary 1.6. There are no local formulae for rational Pontryagin 
numbers of closed combinatorial Am-manifolds that depend only on the 
quantity of simplices in a link. 

Remark 1.7. In the category of all compact combinatorial manifolds 
(with or without boundary), it is shown in [5] that: a localizable invari- 
ant of compact combinatorial manifolds must be proportional to Euler 
characteristic. However, in the category of closed combinatorial mani- 
folds, this statement is wrong because the rational Pontryagin numbers 
are localizable too. 

The paper is organized as following. In Section [21 we discuss some 
combinatorial properties of bistellar moves which are useful in this 
paper. In Section [3l we define a type of PL ri-disks in each dimension 




v^(M")= i^ifoilkiv)),-- - Jn-i{lk{v))) 



v£M' 
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Figure 1. Bistellar moves in dimension 2 



n > 2 (called gadget cells), which help us to understand how a local 
formula changes its values under all bistellar moves. In Section HI 
we give a proof of Theorem 11.51 In Section we do some simple 
calculations to verify Theorem (11.51) in dimension 4. 

In addition, Theorem 11.51 is trivial in dimension 1. So we assume 
n > 2 in the rest of the paper. And we use to denote the binomial 



coefficient 




through out the paper. 



2. Combinatorics of bistellar moves 

We first recall some definitions in combinatorial topology (see [6]). 

Definition 2.1. Suppose X is a simplicial complex, the star St{a) of 
a simplex cr in X is the subcomplex consisting of all the simplices of X 
that contain a. The link lk{a) of a is the subcomplex consisting of all 
the simplices a' of X with a'Cia = and a'* a being a simplex in X. A 
simplicial complex is called an n-dimensional closed combinatorial 
manifold if the link of each vertex of the complex is an (n — 1)- 
dimensional PL sphere. 

Definition 2.2. Let be a combinatorial n-manifold and a G M" 
a (n — i)-simplex {0 < i < n) such that its link in M" is the boundary 
dr of an z-simplex r that is not a face of M". Then the operation 

rpn^i^M"") ■= {M^'Xia * dr)) U {da * r) 

is called a n-dimensional bistellar i-move (or Pachner move). Bis- 
tellar z-moves with i > [^] is also called reverse bistellar {n — i)-move. 

For example: 0-move adds a new vertex to a triangulation (we as- 
sume that dD^ = 0), and a reverse 0-move deletes a vertex, see Fig- 
ure [1] and Figure [2l Note that except 0-move and reverse 0-move, all 
other bistellar moves do not change the number of vertices in M". 

When we apply a bistellar z-move to M", the links of some vertices 
involved in the move will be changed. We have the following simple 
observation. 
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Figure 2. Bistellar moves in dimension 3 

Lemma 2.3. For any < i < n, doing an n- dimensional bistellar i- 
move T^'^ in M"" will induce an [n — l)- dimensional bistellar i-move on 
the link of each vertex of a and induce an {n — 1)- dimensional bistellar 
{i — l)-move on the link of each vertex of t. Doing an n-dimensional 
bistellar Q-move will induce an [n — 1)- dimensional bistellar 0-move on 
the link of each vertex of a. 

Proof. For each vertex vq of a (n — 2)-simplex a, let (t\{vo} represent 
the codimension 1 face of a that does not contain vq. Then the change 
of lk{vo) under the bistellar i-move T"^* is: 

a\{vo} *dT — > d{a\{vo}) * t, 

which by our notation is an (n— l)-dimensional bistellar i-move T"'r~}'\ . 
Similarly, for any Mq G t, the change of lk(u^ under T"^* is 

a * 9(r\{iio}) — ^do-^ [t\{uq\), 

which is an [n — 1) -dimensional bistellar [i — l)-move T^~l^^~^. □ 

Let Sn be the set of all isomorphism classes of (n — l)-dimensional 
PL-spheres (without orientations). For any L G iS„, let fiiV) be the 
number of i-simplices in L and call f (L) = (fQ^L), ■ ■ ■ , G 
the i-vector of L. In addition, we define /_i(L) := 1. 

Let 

An:={i{L)eZl I VLG5J 

For any [n — l)-dimensional bistellar z-move T"~^'* on L, let /?*(f(L)) 
be the f-vector of L after the move. It is easy to see that: 

P%L) = (/o(L) + ro,i, ■■■ , + r„_i,), (1) 

where r^^i = C^Zl - C'r+~A I* is easy to check 

rk,n-i-i = -rk,i, WO <i,k <n-l (2) 
If 22 = n- l,rA,.i = 0, VO < A; < n- 1 (3) 
So the reverse bistellar z-move on L gives 

p--'-%L) = (/o(L) - ro„ ■ ■ ■ , fn-iiL) - r„_i,), 
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Suppose \1/ is a localizable invariant of closed combinatorial mani- 
folds and \E'(M") = ^^g^^" ^'{^{^^{v))) for some function ip that only 
depends on i{lk{v)). Then -0 is a function An — ^ By Theorem ll.H 

is invariant under all bistellar moves. So for a bistellar z-move T"^*, 
according to Lemma 12.31 the function i/j must satisfy the following 
equations: 

• When 2 7^ or n, we have 

J2 i^imHv))) + E Hr'miv'))) = ^(f (^')) + E ^(f (^'')) 

vGa ii'gr v£cr v'£t 

vG(T v'Gt 

(4) 

• When z = 0, we have 

E ij{^%lk{v))) - ij{i{v)) + ^(fA.) = (5) 

When i = n, we have 

- fAn + 5^ ^(/5"f (/M^'))) - ^(f K)) = (6) 

where = (C^+i, C^+i, ■ ■ ■ ,Cl^+i) is the f-vector of the 
boundary of an n-simplex. 

Warning: 

(1) We can not conclude that tlj{/3^i{lk{v))) - ip{i{v)) is a constant 
directly from Equation (j5]). Because in general, we may not be 
able to guarantee all the vertices of a have isomorphic links. 
Only when the PL n-ball is very symmetric, may we have this 
kind of configuration in the combinatorial structure. In general, 
we can not fit arbitrarily given PL ri-balls together such that 
their intersection is a simplex. 

(2) It is not true that an arbitrary link lk{v*) could be involved in 
the Equation (jlj) for all i. Because when i > 2, there might 
be no bistellar i-move involving v*. This means that for any 
{n — 'i)-simplex or z-simplex cr in St{v*), either lk{a) is not 
isomorphic to the boundary of a simplex of complementary di- 
mension, or lk{a) is the boundary of some existing simplex in 
the combinatorial manifold. 

Remark 2.4. For any vertex v* in a closed combinatorial manifold, v* 
can always be involved in bistellar and 1-moves. 
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3. How THE VALUES OF LOCAL FORMULA VARY UNDER BISTELLAR 

MOVES 

In this section, we introduce some special type of PL n-disks in 
each dimension n > 2 and use them to figure out how a local formula 
ip changes its value under bistellar moves if -0 depends only on the 
f-vector of a link. 

Lemma 3.1. For each n > 2, there exists a PL n-disk and a vertex 
vq G dK"^ such that: 

(1) OK"^ is isomorphic to the boundary of an n-simplex. 

(2) for any < i < n — 1, there exists a bistellar i-move T"^* in 

with a,T G and Vq G a, and T"^* does not cause any 
changes to the star of any vertex on dK^ other than vq. 

Proof. For each < i < — 1, let A* be a simplex of dimension i. Let 
Jj = A"~* * and choose a vertex of A"~* in Jj. Let J be the 
one-point union of Jq, ■ ■ ■ , Jn-i got by gluing 6q to a base point 69. On 
the other hand, let A", Ag be two n-simplices such that A2 C A" and 
A2 n 9A" is a vertex vq of both. Next, we glue 60 to vq and put J 
inside Ag such that J fl Ag = vq. By making up some new simplices 
and adding some new vertices inside A2 if necessary, we get a PL n- 
disk (see Figure [3] for a construction of K"^). It is easy to see that 
doing the obvious bistellar i-move T"'* (replaceing Jj by c)A"~* * A*) 
associated to Jj inside A2 will not change the star of any vertex on 
dK"^ except vq. So such a X" satisfies all our requirements. □ 

Note that our construction of is far from unique. Here, we only 
need to choose one such i^" in each dimension n>2. We call the 
gadget n-cell and Vq is called the base point of iT". Let a„ j be the 
number of z-simplices of the link of Vq in K"- that lie in the interior of 
A^, and define an := (a„_05 ■ ■ ■, On,n.-i) G 17^. 

Let := {f(L) + a^ G Z!^ | VL G 
Lemma 3.2. C A C Z!^. 

Proof. For any L G iS„, lei U = vq* L be an PL n-ball. Obviously, the 
link of Vo is isomorphic to L. Next, we choose an arbitrary n-simplex 
in U and turn it into the gadget n-cell K"' by subdivisions such that 
Vo is the base point. Then the link of Vq in U becomes a new PL 
(n — l)-sphere whose f-vector is f (L) + an. □ 
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Figure 3. A gadget cell K"^ 

Lemma 3.3. Suppose if) is local formula of a localizable invariant that 
only depends on the f-vector of a link. For any < i < n — 1, ipi^P^f) — 
is independent on f G A'^- 

Proof. Suppose L & Sn such that f(L) + an = f. Suppose v* is a 
vertex in a closed combinatorial manifold M" such that lk{y*) = L. 
We choose an n-simplex in St{v*) and turn it into the gadget n-cell 
K"' by subdivisions such that v* is the base point. Now, i{lk{v*)) = 
f (L) + a„ = f. 

For any < i < n — 1, We do the obvious n-dimensional bistellar 
z-move T*^'* associated to Jj in the gadget cell. Let u\, - ■ ■ , ul^_^i be all 
the vertices involved in T*^'* other than v*. By the construction of 
in Lemma [XT] for each 1 < j < n + 1, the star of "u* is completely inside 
K"^ and the change of St{u'j) under T"'* is also inside K^. So in the 
Equations (jl]) — ([S]), all terms are canonically decided by K"^ except 
V'(/3'f(/A;(y*))) - ^{i{lk{v*))). So i{j{P'f') - ^{i') does not depend on 
f. □ 



For any f G A'^^ and any < i < n — 1, let 
i^if^'f) - i/jif) := G 

Lemma 3.4. For any < i < n — 1, we have 

(1) {n - i + 1) ■ + {i + 1) ■ H^_^ = 0, and H^l^ := ^(fA-), 
i/::=-V^(fAn). 

(2) = -h:_,_,. 

(3) H^ = 0if2i = n-1. 

So each is a rational multiple ofipli^n). 



8 



LI YU 



Proof. Take a bistellar z-move T^'^ in a closed combinatorial n-manifold. 
For each vertex v oi a and r, we choose an n-simplex in St{v) and turn 
it into the gadget cell by subdivisions (of course, sharing gadget 
cells between different stars are allowed). Then each {{lk{v)) becomes 
an element in A'^ after these subdivisions. By the Equations (jl]) — 
([6]) and Lemma 13. 3[ we have the first equality. The second and third 
equalities follow easily from the first one. □ 

Lemma 3.5. Suppose i/j is a local formula of a localizable invariant 
that only depends on the f -vectors of links. For any < i < n — 1 and 
any [n — 1)- dimensional bistellar i-moves on a PL [n — l)-sphere L, 
,lj{(3%L)) - mL)) = . 

Proof. Suppose T"~^'* is an (n — l)-dimensional bistellar z-move on L G 
(S"'. Then we can find a vertex v* in a closed combinatorial manifold 
such that lk{v*) = L and an n-dimensional bistellar i-move T";! in 
M" such that v* G a, and the move 7""-^'* on lk{v*) is induced from 

rpn,i 

For any vertex v ^ v* of a and r, we can choose an n-simplex 
A" C St{v) with A" ^ St{v*), and then turn A" into the gadget cell 
X" by subdivisions. After these subdivisions, lk{v) is changed and 
f{lk{v)) becomes an element in A'^^ while St{v*) stays the same. So by 
Lemma [3.31 and the Equation (jl]), we have the following. 

^/Ji/3%lk{v*))) - m^Hy*))) + in- i)Hl + (z + l)Ht, = 
By Lemma [3.41 (1), we have 

V'(/3'f (L)) - mL)) = i^imkiv*))) - miki^D) = 

□ 

Remark 3.6. The main idea in the above lemmas is: the change of 
the f-vector of a PL-sphere caused by different bistellar z-moves are 
the same, i.e. the change does not depend on where the z-moves take 
place. So the variations of il^{L) under different bistellar z-moves on 
a PL-sphere L are the same if the value of ip{L) only depends on the 
f-vector of L. 



4. Proof of Theorem 11.51 

For any PL {n — l)-sphere L, by Theorem (ILip . we can apply a 
finite sequence of (n — 1) -dimensional bistellar moves to the boundary 
of an n-simplex A" to get L. For each < z < n — 1, suppose we 
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have mi{L) bistellar i-moves in the sequence. Then by Equation ([T]), 
mo(L), ■ ■ ■ ,m„_i(L) satisfy 

5^m,(L)-rfc,i = /fc(L)-C^+}, VO<A:<n-l (7) 

i=0 

The solution to Equation (I7j) is not unique because adding a bistellar 
z-move and its reverse simultaneously to a solution will give a new 
solution. But the only thing important here is mj(L) — m„_i_j(L) 
which is, in fact, uniquely determined by i{L). 

Lemma 4.1. For any < z < [|] — 1, L G Sn, rni{L) — m„_i_j(L) is 
uniquely determined by fo{L), ■ ■ ■ in Equation ([7]). 

Proof. First of all, by Equation ([2]) and ([3]), the Equation becomes: 
^ (m,(L) - mn-i-i{L)) ■ r^,, = /fc(L) - C^+}, VO < A: < n - 1 (8) 

1=0 

In addition, the Dehn-Sommerville equations of PL-spheres imply 
that the f(L) is completely decided by /o(L),--- ,/["]_! (L). So the 
solution to above system oi n linear equations equal the solution to 
the [|] linear equations: 

J2 imiL) - m„„i_,(L))-rfc,, = /,(L)-G„^+}, VO < < (9) 

1=0 

Notice when < ? < [f ] - 1, < A: < [f] - 1, rk,i = C^zl So 

• if A; < z, Tfc j = 0. 

• a k = i, Ti^i = 1. 

The square integral matrix {rk,i)o<k,i<[!i]-i is invertible over Z. So 
the above system of [^] linear equations ([9]) has a unique solution. □ 

Remark 4.2. When n = 2s + 1 is odd, by Equation ([3]), r^^s = for 
any < k < n — 1. So in Equation (JHl), the term ■ rk^s is omitted. 
Indeed, we will see that when n = 2s + 1, the value of nis does not 
affect our calculation of i/j since /3^f = f and = (see Lemma [3. 4p . 

For any < i < [|] — 1 and L G iS„, we can assume 

A:=0 
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Proof of Theorem II. 5t For a local formula ifj of a real value local- 
izable invariant of closed combinatorial n-manifolds, by Lemma 13.41 
and Lemma [3.51 for any L & Sn, we have 

n-l 

^(f(L))=^(fAn) + 5^m,(L)-i/r 

[f]-l[f]-l 

= ^(fA") + E E ^^ ^^'^ if>^^^^ - ^nXi) ■ (10) 

1=0 k=0 

So ■0(f(L)) is a linear function of fo{L), ■ ■ ■ , /„_i(L). Moreover, since 
each Hf- is a rational multiple of '0(fA"), so up to a constant factor 
'V^(fAn)) we can write 

^(f(L)) =J2^'^- •/■'^(^)' ^ /-i(^) = 1) 

fc=-i 

Then for a closed combinatorial n-manifold M", 
vl>(M") = E ^(f(^M^))) 

wGM" A:=-1 

For a closed combinatorial manifold M", let /^(M") be the number 
of A;-simplices in M". Then obviously 

^'^(^'') = E /fe-i(^^(^))' < < n 

By equation (fTTI) . 

^(M") = E 6fc(fc + 2)-A+i(M") 
fe=-i 

So *(M") is a linear function of /o(M"), ■ ■ ■ , /„(M"). Then by Theo- 
rem [L2l ^ must be proportional to the Euler characteristic. □ 



11 

5. Verification of Theorem 11.51 in dimension 4 

When n = 4, by the Dehn-Sommerville equations for PL-spheres, we 
find that the f-vector of a PL 3-sphere L depends only on the number 
of vertices and edges in L. So we can write 

^(f(L))=V'(/o(L),/i(L)), VLG54 

The system of equations IQ are: 

mo -1713 = ML) - 5, 
4(mo - rris) + (mi - 1122) = fi{L) - 10 

So mo — m3 = foi^L) — 5, mi — m2 = /i(i^) — 4:fo{L) + 10. In addition, 
by Lemma (13.41) . we have 

Then by Equation (fTOj) . we have 



^(f (L)) = V^(f^4) ( 1 - -(/o(L) - 5) + -(/i(L) - 4/o(L) + 10) 



= 3^(fA4) (^l--/o(L) + -/i(L)J. 

This is proportional to the local formula for Euler characteristic. In 
fact, a local formula for Euler characteristic of 4-dimensional closed 
combinatorial manifolds is: for any vertex v G M'^, 

I (lu \\ - 1 ^ hmv)) ^ Mikiv)) 

ip^{LK{V)) — i - \ - - \ - , 

The Dehn-Sommerville equations for the PL 3-spheres imply: 

Mlk{v)) = 2Mlk{v)), Mlk{v)) = Mlk{v)) - foilkiv)), 

so we get: ^^{lk{y)) = 1 + — . 

So il){lk{v)) = 3^/'(fA4) ■ ip^i^lk^v)). Then we have 

v|/(M4) =37A(fA4).x(M4). 
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